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FINITENESS OF E´TALE FUNDAMENTAL GROUPS BY REDUCTION MODULO p
BHARGAV BHATT, OFER GABBER, AND MARTIN OLSSON
ABSTRACT. We introduce a spreading out technique to deduce finiteness results for e´tale fundamental groups
of complex varieties by characteristic p methods, and apply this to recover a finiteness result proven recently
for local fundamental groups in characteristic 0 using birational geometry.
1. INTRODUCTION
The main goal of this paper is to introduce a spreading out technique for deducing finiteness results for
e´tale fundamental groups of varieties in characteristic 0 from the finiteness of the e´tale fundamental groups
of the characteristic p specializations of the varieties. Our motivation was to deduce a recent finiteness result
of Xu [Xu, Theorem 1], proven using fundamental advances [BCHM] in the minimal model program, from
the characteristic p analog, which was established very recently by Carvajal–Rojas, Schwede, and Tucker
[CST, Theorem 5.1] and is considerably more elementary. Xu’s result, which answers an algebraic version
of a question of Kolla´r [Ko1, Question 26], asserts:
Theorem 1.1 ([Xu, Theorem 1]). Let X/C be a finite type C-scheme and let x ∈ X(C) be a closed point.
Assume that X has klt singularities in the sense of [Ko2, Definition 2.8], and that dim(X) ≥ 2. Then the
e´tale local fundamental group
πloc1 (X,x) := π1(Spec(ÔX,x)− {x})
is finite. More generally, the same is true for any finite type normal pointed C-scheme (X,x) of dimension
≥ 2 that admits an effective Q-Weil divisor ∆ with the pair (X,∆) being klt in a neighborhood of x.
We relate this to fundamental groups in positive characteristic as follows. Spread the pair (X,x) out
to a pointed scheme (XA, xA) over a finitely generated Z-subalgebra A ⊂ C, and for a geometric point
y¯ → Spec(A) let (Xy¯, xy¯) denote the base change of (XA, xA). Our main result on spreading out is the
following:
Theorem 1.2. Assume that there exists a positive integer c and a dense open subset U ⊂ Spec(A) such that
for all geometric points y¯ → U with image a closed point of U we have
#πloc1 (Xy¯, xy¯)
(py¯) ≤ pcy¯, (1)
where py¯ is the characteristic of the residue field of y¯, and π
loc
1 (Xy¯, xy¯)
(py¯) is the maximal prime-to-py¯
quotient of πloc1 (Xy¯, xy¯). Then π
loc
1 (X,x) is finite.
Note that if the right side of the bound in (1) above was independent of the residue characteristic, then
Theorem 1.2 would be unsurprising. The main novelty here is that a bound in characteristic p that grows
polynomially in p suffices to deduce finiteness in characteristic 0. In fact, much weaker growth bounds
on #πloc1 (Xy¯, xy¯) suffice for the result above, but we only need the polynomial one in our application.
The proof of Theorem 1.2 has two ingredients that are themselves perhaps of independent interest: a con-
structibility result for the tame local fundamental groups in arithmetic families without any restrictions on
singularities (see Theorem 4.1), and an abstract finiteness criterion for a profinite group (see Proposition 5.1).
To apply Theorem 1.2 to reprove Theorem 1.1, recall that a fundamental result in the theory of F -
singularities tells us that klt singularities in characteristic 0 specialize to strongly F -regular singularities
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in characteristic p; see [Ha, HW, Ta] and [Sm, Theorem 2] for the relevant definitions and further refer-
ences. Thus, one needs the finiteness of local fundamental groups of strongly F -regular singularities in
characteristic p with a bound of the form (1) above. The finiteness is provided by the following recent result
[CST], giving the characteristic p analog of Theorem 1.1.
Theorem 1.3 ([CST, Theorem 5.1]). Let k be an algebraically closed field of positive characteristic p, and
let X/k be a finite type k-scheme. Let x ∈ X(k) be a point such that X is strongly F -regular at x with
dimension ≥ 2. Then πloc1 (X,x) is finite.
To deduce 1.1 from 1.2 and 1.3 it remains to find an effective bound on πloc1 (X,x), at least when spe-
cializing from characteristic 0 to large characteristics. Such a bound can be obtained from the methods of
[CST]. Let A be a finitely generated normal Z-algebra and let (XA, xA) be a normal pointed flat A-scheme.
Fix also an imbedding A →֒ C and let (XC, xC) be the base change to C. Assume that there exists a
Q-divisor ∆C on XC such that the pair (XC,∆C) has klt singularities in a neighborhood of xC. Tucker
has shown (unpublished) the following:
Theorem 1.4. There exists a dense open subset U ⊂ Spec(A) such that for every geometric point y¯ → U
mapping to a closed point of U we have
#πloc1 (Xy¯, xy¯) ≤ p
d
y¯,
where d is the dimension of XC and py¯ is the characteristic of k(y¯).
In fact, in the setup of Theorem 1.3, the proof in [CST] implies that #πloc1 (X,x) is bounded above by
the inverse of the F -signature s(X,x), which is a numerical invariant of the singularity at x. Theorem 1.4
is thus a consequence of finding a suitable lower bound on s(Xy¯, xy¯) as y¯ varies through geometric points
of Spec(A); we supply a proof of the relevant bound, based on ideas from [PT], in §6.
The hypercover techniques that go into proving Theorem 1.2 are quite general, and have other applica-
tions. For example, we use them to prove a constructibility result for tame local fundamental groups of
“Milnor tubes” around points of a given subvariety of an algebraic variety (see Theorem 3.2). Using this, in
§7, we give a direct Galois-theoretic proof of the following result of Greb, Kebekus, and Peternell, yielding a
global version of Theorem 1.1; as a bonus, we can avoid the quasi-projectivity hypothesis present in [GKP].
Theorem 1.5 ([GKP, Theorem 1.5]). Let X be a connected normal scheme of finite type over C. Assume
that the pair (X,∆) is klt for some effective Q-Weil divisor ∆ on X. Then there exists a finite cover
f : Y → X with Y connected and normal such that f is e´tale over the smooth locus Xsm ⊂ X, and f
induces an isomorphism π1(f
−1(Xsm))
≃
−→ π1(Y ).
Finally, though we do not discuss it here, similar hypercover techniques can also be used, for example, to
obtain constructibility results for fundamental groups of open varieties.
Strategy of proof of 1.2 and an outline of the article. The proof of Theorem 1.2, which is presented in
§6, has two parts. First, in §4, using h-descent for e´tale fundamental groups, we establish a constructibility
result that identifies the maximal prime-to-py¯ quotients of π
loc
1 (X,x) and π
loc
1 (Xy¯, xy¯) for y¯ varying through
geometric points of an open subset of Spec(A). The key idea is to describe either group completely in terms
of components of the special fibre of a (truncated) hypercover by normal crossings pairs, and then exploit
specialization properties of e´tale fundamental groups of smooth projective varieties. The necessary tools are
developed separately in §2 in the language of root stacks; we also use the same techniques in §3 and §7 to
prove Theorem 1.5. Thanks to Theorem 1.4, we then find ourselves in the following situation: the profinite
group G := πloc1 (X,x) has the property that its maximal prime-to-p quotient G
(p) is finite of size ≤ pc for
all but finitely many primes p. We then prove, in §5, the general statement that any such G must be finite.
The main idea is to exploit the fact that if G admits a finite quotient Q whose order N is large, then there
must be many primes p ≪ N that are coprime to N , and thus Q must be a quotient of G(p) for a relatively
small such prime p; the bound on G(p) then forces N to be small, which is a contradiction.
2
Acknowledgements. The key Proposition 5.1 was discovered during a coversation with Johan de Jong and
Peter Scholze at a workshop in Oberwolfach, and we thank them for the discussion. We are also grateful to
Karl Schwede and Kevin Tucker for discussions surrounding Theorem 1.4. Finally, we thank Max Lieblich
for a useful conversation. During the preparation of this work, BB was partially supported by NSF Grant
DMS-1501461 and a Packard fellowship, and MO was partially supported by NSF grants DMS-1303173
and DMS-1601940.
Notation. We adopt the following largely standard conventions in this article.
Groups. For any profinite group G and a prime number p, we write G(p) for the projective limit of all
continuous finite prime-to-p quotients of G; we follow the convention that G(p) = G if p = 0.
Categories of finite etale covers. Given a scheme (or stack) U , we write Fet(U) for its category of finite
e´tale covers. Given a prime p, let Fet(p)(U) ⊂ Fet(U) be the full subcategory spanned by those finite e´tale
covers whose Galois closures have degree coprime to p on every connected component of U . Note that both
Fet(U) and Fet(p)(U) are contravariantly functorial in U .
Local fundamental groups. Given a scheme X and a geometric point x : Spec(κ) → X, write Xshx for
the strict henselization of X at x, and let Xsh,◦x := Xshx − {x} ⊂ X
sh
x be the punctured spectrum. When
Xsh,◦x is connected (for example, if X is geometrically unibranch), write πloc1 (X,x) := π1(X
sh,◦
x ) for the
e´tale fundamental group of the punctured spectrum at some unspecified base point; thus, πloc1 (X,x)
(p) is the
profinite group classifying Fet(p)(Xsh,◦x ). By [El, Corollaire on p. 579], if X is noetherian, we may replace
the strict henselization by its completion in this discussion.
Specializations. Given a scheme X and geometric points η → X and s→ X, a specialization η  s is (by
definition) a factorisation of η through Xshs . Such a factorisation gives a mapX
sh
η → X
sh
s , and allows us to
view η as a geometric point of Xshs .
Simplicial techniques. The language of hypercovers of schemes, especially in the context of the h-topology,
will be freely used. In fact, we exclusively work with hypercovers in the 2-truncated sense (see for example
[Co, 3.1]). This has the advantage of being a more finitistic notion than that of a general hypercover;
it suffices for our purposes as the functors we apply to hypercovers (such as Fet(−)) take values in 1-
categories, so their limits are insensitive to replacing a hypercover by its 2-truncation (as discussed next).
Category theory. We often talk about limits and colimits of categories; these are always intended in the
2-categorical sense, and basic facts about them, such as the commutation of filtered colimits with finite
limits, will often be used without further comment. We also often implicitly use the following observation
to convert possibly infinite limits to finite ones: if C• is a cosimplicial diagram of categories, and C•≤2 is the
corresponding 2-truncated diagram, then limC• ≃ limC•≤2.
2. SOME TOOLS
In this section, we collect together some tools that will be used in the sequel to prove constructibility
results for e´tale fundamental groups in certain families.
2.1. h-descent. Recall that for a scheme X, the h-topology on the category of finite type X-schemes is the
Grothendieck topology generated by declaring proper surjective maps and e´tale covers to be coverings.
Lemma 2.1. Let π : X• → X be a 2-truncated hypercover of a noetherian scheme X in the h-topology.
Then pullback induces equivalences
Fet(X) ≃ limFet(X•) and Fet
(p)(X) ≃ limFet(p)(X•).
The same is also true if X is a noetherian algebraic stack.
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In other words, specifying a finite e´tale cover of X is equivalent to specifying its pullback toX0 together
with an isomorphism of the two pullbacks to X1 that satisfy the cocycle condition over X2.
Proof. This is immediate from the fact that finite e´tale morphisms satisfy effective descent for the h-topology
[SGA1, §IX, Theorem 4.12]. 
The next result is a standard ingredient in e´tale cohomology, featuring notably in the proof of the proper
base change theorem.
Lemma 2.2. LetR be a noetherian ring which is henselian with respect to an ideal I . Let f : X → Spec(R)
be a proper morphism with X an algebraic stack. Setting X0 = f
−1(Spec(R/I)), restriction induces an
equivalence
Fet(X) ≃ Fet(X0).
Proof. WhenX is a scheme, this is [SP, Tag 0A48]. The case of proper stacks then follows from Lemma 2.1
and Chow’s lemma for stacks, see [Ol] and [SP, Tag 0CQ8]. 
Remark 2.3. Lemma 2.2 implies that for a proper morphism f : X → S of noetherian schemes and a
specialization η  s of geometric points of S, we obtain an induced functor
Fet(Xs)
≃
←− Fet(X ×S S
sh
s )→ Fet(Xη).
We often refer to this functor (or the induced map on fundamental groups in the presence of a base point)
informally as the specialization map.
2.2. Root stacks. Root stacks, originally introduced in [Ca], provide an alternative and quicker route to
some results traditionally formulated using logarithmic geometry. In this section, we recall some basic
results in this theory. Everything that follows (except perhaps Proposition 2.12) is presumably well-known
to the experts. As a general reference, we use [LO, Appendix A]. We first introduce the objects that will be
used throughout this section.
Notation 2.4. Fix a prime p and a scheme X over Z(p). Fix a finite set I and pairs {(Li, si)}i∈I where
Li is a line bundle on X and si : Li → OX is a morphism of OX -modules. Equivalently we can view si
as an element of H0(X,L∨i ). As in [LO, §A.4], each pair (Li, si) corresponds to a map X → [A
1/Gm],
and scaling si by a unit defines an isomorphic map. Taking products gives a map X → [A
1/Gm]
I whose
i-th component corresponds to (Li, si). For each positive integer ℓ coprime to p, pulling back the map
[A1/Gm]
I → [A1/Gm]
I given by (zi) 7→ (z
ℓ
i ) gives a cover Xℓ → X with Xℓ a Deligne-Mumford stack
called the ℓ-th root stack; note that the former map is an isomorphism over the open substack [Gm/Gm]
I →֒
[A1/Gm]
I , so Xℓ → X is an isomorphism over the locus where all the si’s are isomorphisms, and thus the
si’s that are isomorphisms can be ignored in the construction of Xℓ. If ℓ | ℓ
′, there is an evident X-map
Xℓ′ → Xℓ. Write Zi = Z(si), Z = ∪iZi ⊂ X, and let U = X − Z . Write Zi,ℓ for the preimage of Zi in
Xℓ, and let Zℓ = ∪iZi,ℓ be the preimage of Z . It is sometimes also convenient to generalize this notation
slightly: if J ⊂ I is a non-empty subset, then set ZJ = ∩j∈JZj , and let ZJ,ℓ denote its preimage.
The universal example of this construction is provided by the following:
Example 2.5. LetX = An, let I = {1, ..., n}, let Li = OX , and let s1, ..., sn be the n co-ordinate functions
on X. Thus, each Zi ⊂ X is a co-ordinate hyperplane, and the pair (X, {Zi}i∈I) forms the prototypical
example of an SNC pair, i.e., a regular scheme equipped with a simple normal crossings divisor. In this
case, Xℓ is given by [A
n/µ⊕nℓ ] where the co-ordinate functions are t1, ..., tn, the µ
⊕n
ℓ -action is the standard
one, and the structure map Xℓ → X is given by raising all co-ordinates to their ℓ-th power. Thus, the closed
substack Zi,ℓ ⊂ Xℓ is given by the vanishing locus of t
ℓ
i . In particular, the underlying reduced substack
(Zi,ℓ)red is smooth divisor, and the pair (Xℓ, {(Zi,ℓ)red}i∈I) is again an SNC pair.
The construction of root stacks behaves well with respect to base change:
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Lemma 2.6. The formation of Xℓ → X from {(Li, si)}i∈I commutes with base change on X for each ℓ.
Proof. This is immediate from the definition. 
Root stacks do not modify the target scheme X away from the zero locus of the sections si:
Lemma 2.7. Each Xℓ → X is an isomorphism over U .
Proof. This was already observed above in Notation 2.4. 
Themost important source of examples arises from a simple normal crossings divisor on a regular scheme,
i.e., objects modelled on those in Example 2.5. In this case the line bundles are the ideal sheaves of the
irreducible components of the divisor with the natural maps to the structure sheaf. One has:
Lemma 2.8. Assume that (X, {Zi}i∈I) is an SNC pair, i.e., X is regular, each Zi ⊂ X is an effective
Cartier divisor that is regular, each ZJ has codimension #J for non-empty subsets J ⊂ I , and the divisor
Z =
∑
i Zi is reduced with simple normal crossings. Then
(1) For each ℓ, the pair (Xℓ, {(Zi,ℓ)red}i∈I) is a SNC pair.
(2) (Abhyankar) The restriction functor
Fet(p)(X∞) := colim
ℓ
Fet(p)(Xℓ)→ Fet
(p)(U)
is an equivalence.
(3) For each ℓ ≥ 0, the canonical maps induce an equivalence
Fet(Zℓ)
≃ // lim
(∏
i∈I Fet(Zi,ℓ)
//
//
∏
i,j∈I Fet(Z{i,j},ℓ)
//
////
∏
i,j,k∈I Fet(Z{i,j,k},ℓ)
)
,
and similarly for Fet(−) replaced by Fet(p)(−).
Proof. Statement (1) follows from [SGA1, §XIII, Proposition 5.1], while (2) results from [SGA1, §XIII,
Proposition 5.2] by passing to quotients. Finally, (3) is a consequence of h-descent for finite e´tale covers
(i.e., Lemma 2.1) applied to the h-cover ⊔iZi,ℓ → Zℓ. 
Remark 2.9. Concretely, Lemma 2.8 (3) asserts the following: to specify a finite e´tale cover on Zℓ, we must
specify a finite e´tale cover on each irreducible component Zi,ℓ for i ∈ I , together with a transitive system of
isomorphisms over the intersections Zi,ℓ ∩ Zj,ℓ.
We give an explicit example of the phenomenon being encoded in Lemma 2.8 globally.
Example 2.10. Let Y be the henselization of A2 at 0 over an algebraically closed field k of characteristic
0, and let X be the blowup of Y at 0. Let E ⊂ X be the exceptional divisor, so E ≃ P1, and (X,E) is an
SNC pair. Performing the root stack construction with respect to E gives stacks Xℓ → X for each ℓ ≥ 1.
Let Eℓ → E be the maximal reduced closed substack of Xℓ ×X Z . Let E∞ := limℓ Eℓ. Lemma 2.8 (2) and
Lemma 2.2 imply that
π1(E∞) ≃ π1(X − E) = π1(Y − {0}) = 0.
We explain how to see this explicitly. The map E∞ → E is naturally a Ẑ(1)-gerbe. Moreover, this gerbe
is non-trivial: its class in H2(E, Ẑ(1)) is the first Chern class of OE(1) (which is the conormal bundle of
E ⊂ X). One can then show the following general assertion: for a Ẑ(1)-gerbe Z → Z over a simply con-
nected normal base Z , the group π1(Z) identifies with the dual of the kernel of the map Ẑ → H
2(Z, Ẑ(1))
classifying the gerbe. For example, when k = C, one may use the long exact sequence on homotopy groups
to arrive at this conclusion. In our situation, as the conormal bundle OE(1) is ample, the corresponding map
Ẑ→ H2(E, Ẑ(1)) is injective, and thus π1(E∞) ≃ 0.
Using Abhyankar’s lemma, one proves the invariance of prime-to-p e´tale fundamental groups in the fibers
of a proper smooth families. In fact, as we explain, h-descent techniques allow us to extend this invariance
to certain “equisingular” families.
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Proposition 2.11. Let k be a Z(p)-field, let V be a henselian dvr over k, and let X be a V -scheme. Assume
that e´tale locally on X we can find an e´tale map X → X0 ⊗k V for a finite type k-scheme X0. Let η  s
be a specialization of geometric points on Spec(V ), and write V for the integral closure of V in η. Then the
generic fibre functor induces an equivalence
Fet(p)(XV ) ≃ Fet
(p)(Xη).
If X is proper over V , then the specialization map gives an equivalence
Fet(p)(Xs) ≃ Fet
(p)(Xη).
Proof. The second part follows from the first part using Lemma 2.2.
For the first part, assume first thatX is V -smooth. ThenXη → XV is a dense open immersion of normal
schemes, so Fet(XV ) → Fet(Xη) is fully faithful, and so the same holds for the prime-to-p variant. It
remains to check that any prime-to-p finite e´tale cover Y → Xη lifts to a (necessarily prime-to-p) finite
e´tale cover of XV . By finite presentation and possibly making V larger, the cover Y → Xη arises as the
base change of a prime-to-p finite e´tale cover Y0 → Xη, where η ∈ Spec(V ) denotes the generic point. Let
t ∈ V be a uniformizer. By Abhyankar’s lemma (Lemma 2.8 (ii)) applied to X and the divisor Z(t) ⊂ X,
it follows that Y0 → Xη lifts to a finite e´tale cover of X, at least after replacing X with X ⊗V Vℓ, where
Vℓ := V [t
1
ℓ ] and ℓ is a large integer prime-to-p. Base changing along Vℓ → V (determined by choosing an
ℓ-th root of t in V ) then solves our problem.
For generalX, note that the assertion of the proposition is e´tale local onX. Thus, we may choose an e´tale
mapX → X0 ⊗k V for a finite type k-scheme X0. We now argue using hypercovers. Choose a 2-truncated
h-hypercover Y•,0 → X0 with each Yi,0 being smooth over k. By base change, this gives a 2-truncated
h-hypercover Y• → X with each Yi being smooth over V . Base changing to V , we have a commutative
diagram of pullback maps
Fet(p)(XV )
//

limFet(p)(Y•,V )

Fet(p)(Xη) // limFet(p)(Y•,η)
.
The horizontal maps are equivalences by Lemma 2.1, while the right vertical map is an equivalence by the
smooth case treated above. It follows that the left vertical map is also an equivalence, as wanted. 
The next proposition is the logarithmic version of the fact that the (prime-to-p) e´tale fundamental group
behaves constructibly in a proper family.
Proposition 2.12. Let f : X → S be a proper morphism of finite type k-schemes, where k is an alge-
braically closed field over Z(p), and X is as in Notation 2.4. Then there exists a stratification {Sλ}λ∈Λ of
S such that if η  s is any specialization of geometric points of some fixed Sλ, then the specialization map
induces an isomorphism
Fet(p)(Xℓ,s) ≃ Fet
(p)(Xℓ,η)
for each ℓ ≥ 0.
The crucial assertion above is that the stratification {Sλ}λ∈Λ is independent of ℓ, and thus implies that
the association s 7→ colim
ℓ
Fet(Xℓ,s) behaves constructibly in the geometric point s→ S.
Proof. As the formation of Xℓ is compatible with base change onX, it suffices to find an open stratum, i.e.,
we are free to replace S by a dense open subset by noetherian induction. Moreover, as specializations of
geometric points lift along h-covers, we may also replace S with h-covers (such as finite covers).
By Lemma 2.1, we may shrink S and replace X by the connected components of the terms of a truncated
hypercover to reduce to the following special case: the scheme S is smooth and connected, the map f :
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X → S is a smooth projective morphism with connected fibres, and each Zi is either effective Cartier
divisor (when si 6= 0) or all of X (when si = 0). Write I = I0 ⊔ I1, where i ∈ I lies in I0 if and only if
si = 0. Passing to further h-covers of X, we may also assume that W := ∪i∈I1Zi is the support of a strict
normal crossings divisor with irreducible components Dj for j in some finite index set J , and that each
Zi ⊂ W is the support of a subdivisor for i ∈ I1. Thus, for i ∈ I1, on the geometric generic fibre Xη of f ,
we have Zi,η =
∑
j δijDj,η for suitable δij ≥ 0. After possibly shrinking S and passing to a finite cover,
we may assume that the same holds globally on X, as well as on any geometric fibre Xs of X → S.
In this situation, fix specialization η  s of geometric points of S witnessed by a map Spec(V ) → S
with V being the absolute integral closure of a henselian dvr. For each integer ℓ ≥ 0 that is prime-to-p, let
Xℓ,V → XV → Spec(V ) be the base change of Xℓ → X → S to V , and let Xℓ,η → Xη → η be its generic
fibre. It suffices to show that pullback induces equivalences
Fet(p)(Xℓ,η)
≃
←− Fet(p)(Xℓ,V )
≃
−→ Fet(p)(Xℓ,s) (2)
for each ℓ ≥ 0. In fact, Lemma 2.2 immediately implies the claim for the second map, so it suffices to show
that the generic fibre functor induces an equivalence in the first map above.
We may now work e´tale locally on XV . Thus, we may assume XV := Spec(R) is affine and e´tale over
V [x1, ..., xN ], the index set J of the divisors is {1, ..., N} with Dj being Z(xj) ⊂ XV ; here we allow
ourselves to expand the index set J of the divisors Dj if necessary to include each Z(xj). The sections si
are then either 0 (corresponding to i ∈ I0) or of the form ui
∏N
j=1 x
δij
j where ui ∈ R
∗ (corresponding to
i ∈ I1). As the formation of Xℓ,V is insensitive to scaling the si’s by units, we may assume ui = 1 for each
i ∈ I1. The stack Xℓ,V is then [Spec(R
′)/(µℓ)
⊕n], where
R′ := R[z1, ..., zn]/
(
{zℓi}i∈I0 , {z
ℓ
i −
∏
j
x
δij
j }i∈I1
)
,
with (µℓ)
⊕n-action given by (ζi) · (zi) := (ζi · zi). But then R
′ is e´tale over(
k[x1, ..., xN , z1, ..., zn]/
(
{zℓi }i∈I0 , {z
ℓ
i −
∏
j
x
δij
j }i∈I1
))
⊗k V,
so Proposition 2.11 shows that the generic fibre functor gives an equivalence
Fet(p)(R′) ≃ Fet(p)(R′η).
As this equivalence is functorial, it is compatible with the (µℓ)
⊕n-action, so we obtain the desired equiva-
lence in (2) by applying the functor of (homotopy) (µℓ)
⊕n-fixed points to the previous equivalence. 
3. FUNDAMENTAL GROUPS OF PUNCTURED TUBULAR NEIGHBOURHOODS
This section is only relevant for the proof of Theorem 1.5, and can be skipped for readers only interested in
the proof of Theorem 1.1 by characteristic pmethods. We fix an algebraically closed field k of characteristic
p (possibly 0). Let X be a finite type separated k-scheme, and let i : Z →֒ X be a closed subscheme; write
j : U →֒ X for its complement. Our goal in this section is to show that the topology of U near a point
z ∈ Z behaves constructibly in z. To make this precise, we introduce some notation concerning “tubes” in
U of points of Z .
Notation 3.1. For a geometric point z → Z , we write Tz(Z) for the punctured tubular neighbourhood of z
inX, i.e., Tz(Z) is the preimage of U underX
sh
z → X; note that this definition only requires Z to be closed
inX in a neighbourhood of z, and thus makes sense for Z assumed be only locally closed. A specialization
η  s of geometric points of Z defines a map Xshη → X
sh
s , and hence a map Tη(Z) → Ts(Z), which we
call the specialization map.
The main result of this section is:
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Theorem 3.2. There exists a stratification {Zλ}λ∈Λ of Z with the following property: for a fixed stratum Zλ
and for any specialization η  s of geometric points of Zλ, the specialization map induces an equivalence
Fet(p)(Ts(Z)) ≃ Fet
(p)(Tη(Z)).
In particular, if X is geometrically unibranch and the Zλ are chosen to be connected (which is always
possible after refining the stratification further), then we get isomorphisms
π1(Tz1(Z))
(p) ≃ π1(Tz2(Z))
(p)
for any two geometric points z1, z2 of Zi (depending on the choice an e´tale path linking z1 and z2).
The main idea of the proof is to use hypercovers of (X,Z) by SNC pairs to describe π1(Tz(Z))
(p) in terms
of the fiber over z of a certain (finite) diagram of proper schemes over Z; the construction of this diagram
is independent of the point z → Z , so we can then conclude by invoking the general constructibility for the
fundamental groups of the fibers of certain proper maps of schemes proven in Proposition 2.12.
Remark 3.3. The proper setting for these results is log geometry in the sense of Fontaine, Illusie, and Kato,
but to minimize notational complications, we avoid log schemes in the proof below, and work instead with
the equivalent formulation in terms of root stacks, as in §2.2.
Proof of Theorem 3.2. Choose a truncated hypercover π : X• → X such that each Xi is smooth, and
π−1(Z)red =: Z• ⊂ X• is a simple normal crossings divisor. Let U• := π
−1(U). Associated to the divisors
in Z•, we have a tower of root stacks X•,ℓ → X• indexed by positive integers ℓ ∈ Z that are coprime to
p, as in Notation 2.4; the restriction of this root stack to U• is an isomorphism by Lemma 2.7, while the
restriction Z•,ℓ → Z• to Z• identifies with the corresponding infinite root stack for the restricted divisors
(viewed as pairs comprising of a line bundle and a section, possibly 0) by Lemma 2.6. This data fits into the
following diagram:
U• // X•,ℓ

Z•,ℓ

oo
U• //

X•

Z•

oo
U // X Z.oo
Fix a geometric point z → Z , and consider the base change of the above diagram along Xshz → X. This
gives
U• ×U Tz(Z) // X•,ℓ ×X X
sh
z

Z•,ℓ ×Z Z
sh
z

oo
U• ×U Tz(Z) //

X• ×X X
sh
z

Z• ×Z Z
sh
z

oo
Tz(Z) // X
sh
z Z
sh
z .oo
Lemma 2.1 gives an equivalence
Fet(Tz(Z)) ≃ limFet(U• ×U Tz(Z)),
and similarly for the prime-to-p variant. Lemma 2.8 (2) gives an equivalence
Fet(p)(U• ×U Tz(Z)) ≃ colim
ℓ
Fet(p)(X•,ℓ ×X X
sh
z ).
Lemma 2.2 then shows
Fet(X•,ℓ ×X X
sh
z ) ≃ Fet(X•,ℓ,z) ≃ Fet(Z•,ℓ,z),
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and similarly for the prime-to-p variant. Combining these, we learn that
Fet(p)(Tz(Z)) ≃ lim colim
ℓ
Fet(p)(Z•,ℓ,z).
Applying Proposition 2.12 to each term of the map Zi → Z (with line bundles and sections as above) then
proves the desired constructibility. 
The following variant of Theorem 3.2 concerns slightly larger “tubes” arounds points of Z , and is
recorded here convenience of reference.
Theorem 3.4. There exists a stratification {Zλ}λ∈Λ of Z with the following property: for a fixed stratum Zλ
and for any specialization η  s of geometric points of Zλ, the specialization map induces an equivalence
Fet(p)(Ts(Zλ)) ≃ Fet
(p)(Tη(Zλ)).
In particular, if X is geometrically unibranch and the Zλ are chosen to be connected (which is always
possible after refining the stratification further), then we get isomorphisms
π1(Tz1(Zλ))
(p) ≃ π1(Tz2(Zλ))
(p)
for any two geometric points z1, z2 of Zλ (depending on the choice an e´tale path linking z1 and z2).
Proof. We proceed by induction on the dimension of Z . The base case dim(Z) = 0 is immediate as there
are no specializations in Z . For the inductive step, it suffices to find a dense open subset Q ⊂ Z with the
following property: for every specialization η  s of geometric points of Q the specialization map induces
an equivalence
Fet(p)(Ts(Q)) ≃ Fet
(p)(Tη(Q)).
But then we may simply take Q to be the dense open stratum stratum of Z provided by Theorem 3.2. 
Remark 3.5. The arguments of this section can also be adapted to show that the prime-to-p e´tale homotopy
type of Tz(Z) behaves constructibly in z. This is not used in what follows, however, and we do not discuss
it further.
4. LOCAL FUNDAMENTAL GROUPS IN ARITHMETIC FAMILIES
The goal of this section is to show that local fundamental groups of singularities behave constructibly
in arithmetic families. In particular, prime-to-p quotients of local fundamental groups of singularities in
characteristic 0 can be calculated using characteristic p methods for most p≫ 0. The precise result is:
Theorem 4.1. Let A be a finitely generated Z-algebra equipped with an embedding A →֒ C. Fix a pointed
finite type A-scheme (ZA, zA), and let (Z, z) denote the corresponding pointed scheme over C. There
exists a dense open U ⊂ Spec(A) with the following property: for every map Spec(κ) → U with κ an
algebraically closed field of characteristic p, we have a canonical equivalence
Fet(p)(Zsh,◦z ) ≃ Fet
(p)(Zsh,◦κ,zκ),
where (Zκ, zκ) is the base change of (ZA, zA) along A → κ. If Z is geometrically unibranch near z, then
after possibly shrinking on U we can further arrange that Zκ is unibranch near zκ for all Spec(κ)→ U , in
which case the previous conclusion can be interpreted as an isomorphism
πloc1 (Z, z)
(p) ≃ πloc1 (Zκ, zκ)
(p).
Themain idea of the proof is to use h-hypercovers by simple normal crossings pairs to describe Fet(p)(Zsh,◦z )
in terms of certain related smooth proper schemes over z, similar to what was done in the proof of Theo-
rem 3.2. This description is compatible with “spreading out” over Spec(A), so we can then end by invoking
the invariance of Fet(p)(−) under specialization to characteristic p for smooth proper varieties.
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Proof. Using resolution of singularities (or alterations), we may choose a truncated proper hypercover f :
X• → Z indexed by • ∈ ∆
op
≤2 with Xi smooth, and D• := f
−1(z)red ⊂ X• giving an SNC divisor at each
level; let I• be the finite index set of components of D•, so, for any i ∈ I•, the component D•,i is a smooth
proper variety overC. Let U• = X•−D• = f
−1(Z −{z}) be the complement. Let X•,ℓ → X• be the ℓ-th
root stack associated to the divisors inD•, and let D•,ℓ → D• be its pullback toD. Finally, we base change
everything along Zshz → Z , so U
sh
•,z := U• ×Z Z
sh
z , etc.. Then we have canonical equivalences
Fet(Zsh,◦z )
≃
−→ limFet(U sh•,z)
≃
←− lim colim
ℓ
Fet(Xsh•,ℓ,z)
≃
−→ lim colim
ℓ
Fet(D•,ℓ) ≃ colim
ℓ
limFet(D•,ℓ)
induced by the relevant pullback maps. Here the limit takes place over • ∈ ∆≤2, the first isomorphism
arises from Lemma 2.1, the second from Lemma 2.8 (ii), the third from Lemma 2.2, and the last from the
commutation of filtered colimits with finite limits. Using Lemma 2.8 (iii) to simplify the last term, we can
describe Fet(Zsh,◦z ) as
colim
ℓ
lim
(∏
i∈I•
Fet(D•,i,ℓ)
//
//
∏
i,j∈I•
Fet(D•,{i,j},ℓ)
//
////
∏
i,j,k∈I•
Fet(D•,{i,j,k},ℓ)
)
,
where the limit is now over ∆≤2 ×∆≤2 and is computed by first limiting over the displayed ∆≤2-diagram
of categories while holding • fixed, and then limiting over • ∈ ∆≤2. In particular, this gives a description of
the category of finite e´tale covers over Zsh,◦z in terms of the categories of finite e´tale covers over the smooth
proper stacks (D•,J,ℓ)red for J ⊂ I• with 1 ≤ #J ≤ 3, and the same also holds if we use Fet
(p)(−) instead
of Fet(−) for any fixed prime p.
We now specialize. By possibly changing our choice of f and shrinking Spec(A) if necessary, we can
spread f out to a truncated h-hypercover fA : X•,A → ZA with Xi,A smooth over A, and D•,A :=
f−1(zA)red ⊂ X•,A giving an SNC divisor in X•,A in every fibre over Spec(A) with components still
indexed by the same I• as in the previous paragraph. We may then form the root stacks D•,A,ℓ → D•,A
as above. Fix a geometric point aκ : Spec(κ) → Spec(A) with κ having characteristic p, and replace the
subscript A with the subscript κ to denote the passage to the fibre above this point. The analysis in the first
paragraph above works directly to describe Fet(p)(Zsh,◦κ,zκ) as
colim
ℓ
lim
∆≤2×∆≤2
(∏
i∈I•
Fet(p)(D•,κ,i,ℓ)
//
//
∏
i,j∈I•
Fet(p)(D•,κ,{i,j},ℓ)
//
////
∏
i,j,k∈I•
Fet(p)(D•,κ,{i,j,k},ℓ)
)
.
As specialization maps for smooth proper varieties are functorial, we therefore get a specialization map
Fet(p)(Zsh,◦z )←− Fet
(p)(Zsh,◦κ,zκ),
which we claim is an equivalence. To verify this last assertion, it is enough to check that the speciaization
map gives an equivalence
Fet(p)(D•,J,ℓ)
≃
←− Fet(p)(D•,κ,J,ℓ)
for any non-empty subset J . This follows from Proposition 2.11 as
(
D•,A,J,ℓ
)
red
is smooth and proper over
A for any non-empty subset J by Lemma 2.8 (i). 
The following proposition is implicitly proven above.
Proposition 4.2. Let X be a scheme of finite type over an algebraically closed field K of characteristic
p ≥ 0. Let x → X be a geometric point, and let L/K be be an extension of algebraically closed fields.
Choose a geometric point xL → XL lying above x. Then pullback induces an equivalence
Fet(p)(Xsh,◦x ) ≃ Fet
(p)(Xsh,◦L,xL).
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Proof. Let x ∈ X denotes the scheme-theoretic point defined by x, and similarly for xL ∈ XL, so xL is the
unique point of XL lifting x (where we have uniqueness as base change along an extension of algebraically
closed fields preserves irreducibility). As in the proof of Theorem 4.1 or Theorem 3.2, one has
Fet(p)(Xsh,◦x ) ≃ limFet
(p)(Z
•,κ(x)
),
where Z• is a certain finite diagram of smooth proper stacks over κ(x), and the algebraic closure κ(x) is
chosen using the geometric point x. The formation of this diagram is compatible with base change along
K → L, so we are done as
Fet(p)(Zκ(x)) ≃ Fet
(p)(Zκ(xL))
for smooth proper stacks Z over κ(x) (essentially by Proposition 2.11). 
5. A CRITERION FOR FINITENESS OF A PROFINITE GROUP
In this section, we record the following criterion for the finiteness of a profinite group G in terms of
finiteness of its prime-to-p quotients G(p).
Proposition 5.1. Let G be a profinite group. Assume that for all but finitely many prime numbers p, the
group G(p) is finite with order bounded above by a polynomial in p. Then G is finite.
Proof. Let S denote the finite set of primes where G(p) is not known to be finite. Fix a positive integer c
such that #G(p) ≤ pc for all p not in S. Assume towards contradiction that G is infinite.
First, as G is infinite, we may choose a tower {... → Gn+1
ψn
−−→ Gn → ... → G0} of finite quotients of
G such that each map ψn is surjective with non-trivial kernel. To see this, let ψ : G → H be a fixed finite
quotient of G. Then, since G is infinite, there exists another finite quotient ψ′ : G→ H ′ that does not factor
through G → H . Let H ′′ be the image of the induced map (ψ,ψ′) : G → H × H ′. Then H ′′ is a finite
quotient of G, and the induced projection map H ′′ → H is surjective (as G maps onto both compatibly)
with non-trivial kernel (since otherwise ψ′ would have to factor through ψ). Applying this construction
inductively gives the required tower {Gn}. In particular, the sequence {#Gn}n≥1 of orders is unbounded
and satisfies #Gn | #Gn+1.
Next, by passing to a cofinal subtower in {Gn}, we may assume that the number k(n) of distinct prime
divisors of #Gn is also unbounded as n → ∞. Indeed, if not, then the prime divisors of all the #Gn’s are
contained in a finite set of primes (as#Gn | #Gn+1). Choosing any prime p that is not in this finite set and
not in S, we see that each Gn is a prime-to-p quotient of G. But, since G
(p) is finite, the tower {Gn} would
have be constant, which is a contradiction.
Now observe that the trivial lower bound k(n)! ≤ #Gn then yields, via Stirling’s formula, the lower
bound (k(n)
e
)k(n)
≤ #Gn.
For each n, let pn be the smallest prime that is not in S and that does not divide #Gn. Then Gn is a
prime-to-pn, and hence we obtain
#Gn ≤ #G
(pn) ≤ pcn.
By the pigeonhole principle, pn is amongst the first g(n) := k(n) + #S + 1 primes. Hence, by the prime
number theorem, we have
pn = O
(
g(n) log
(
g(n)
))
.
Combining this with the above two inequalities for #Gn gives(k(n)
e
)k(n)
= O
(
g(n)c · log
(
g(n)
)c)
.
Now g(n) grows linearly in k(n), so the right side above is O(k(n)2c); this clearly contradicts the left side
growing exponentially in k(n), so there cannot be a tower {Gn} as above, and thus G is finite. 
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This result implies the abstract Theorem 1.2:
Proof of Theorem 1.2. Combine Theorem 4.1 with Proposition 5.1. 
Remark 5.2. The growth bound imposed in Proposition 5.1 can be weakened (as the proof shows), but not
eliminated completely. For example, let G =
∏
n≥5An be the displayed product of alternating groups. We
will show that G(p) is finite for all p. On the other hand, G is infinite; this does not violate Proposition 5.1
since (as we will see) #G(p) ≈ (p − 1)!, which is much larger asymptotically than a polynomial in p.
For the finiteness, note that any continuous finite prime-to-p quotient G → H factors through some
finite quotient G → G′ :=
∏N
n=5An for N sufficiently large. If p ∈ {2, 3}, then each induced map
An → G → H must be 0: the simple group An has order divisible by 6 for n ≥ 4, while H does not
have order divisible by 6. It follows that H = 0, so G(p) = 0 for p ∈ {2, 3}. For p ≥ 5, the subgroup
G′′ :=
∏N
n=pAn ⊂ G
′ maps trivially to H by a similar argument (as each summand An ⊂ G
′′ a simple
group with order divisible by p). It follows that G → H factors over the projection G →
∏p−1
n=5An, and
hence the latter projection is a maximal prime-to-p quotient G(p) of G. In particular, G(p) is finite for all p,
and #G(p) =
∏p−1
n=5
n!
2 (with the convention that the empty product is 1).
6. PROOF OF THEOREMS 1.3 AND 1.4
Let k be an algebraically closed field of positive characteristic p and let X = Spec(R) be a finite type
affine k-scheme. Let x ∈ X(k) be a point. Assume that R is a normal domain with dimension d, and let
Rx denote the strict henselization of X at x. Let ∆ be an effective Q-divisor on X, and let ∆x denote the
induced Q-divisor on Spec(Rx). We will be concerned with pairs of the following type:
Definition 6.1 ([HH]). The pair (Rx,∆x) is called strongly F -regular if for any nonzero element c ∈ Rx,
there exists e > 0 such that the R-linear inclusion
Rx → Rx(⌊(p
e − 1)∆⌋)1/p
e
sending 1 to c1/p
e
is split. If this condition is merely assumed for c = 1, we say that (Rx,∆x) is F -pure.
The other main definition we need is the following:
Definition 6.2 ([HL, Definition 9]). The F -signature of Rx is defined to be
s(Rx, x) := lim
e→∞
ae
ped
,
where for e ≥ 1 the integer ae is defined to be the maximal integer r for which there exists a surjection of
Rx-modules
R
1/pe
x
// // R⊕rx .
Remark 6.3. As discussed in [HW, 2.1], Definition 6.2 can be extended to pairs (X,∆). The following
feature of these definitions seems noteworthy: one does not need to assume that KX , ∆, or KX + ∆ are
Q-Cartier, unlike the corresponding definitions for klt in characteristic 0.
The key point to the proof of Theorem 1.4, which is implicit in [CST] is the following result. Let A ⊂ C
be a finitely generated normal Z-subalgebra and let (XA, xA) be a normal pointed flat A-scheme.
Proposition 6.4. Assume that there exists a Q-divisor ∆A on XA such that the triple (XC, xC,∆C) ob-
tained by base change along A →֒ C has klt singularities and is of dimension d in a neighborhood of xC.
Then there exists a dense open subset U ⊂ Spec(A) such that for any geometric point y¯ → U with positive
residue characteristic py¯ the fiber (Xy¯, xy¯) is strongly F -regular and
s(Xy¯, xy¯) > 1/p
d
y¯.
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Proof. We may without loss of generality assume that XA = Spec(R) is affine. For a geometric point
y¯ → Spec(A) let Ry¯ denote the coordinate ring of the geometric fiber of XA. After shrinking on Spec(A)
we may assume that the fibers are all normal [EGA, IV, 12.2.4]. After further shrinking on A we may further
assume that we have a finite map
PA := A[x1, . . . , xd]→ R
Let c ∈ PA be a discriminant of this map given by det(tr(eiej))
2 for a set of generators ei of R over
PA, and let α0 denote the log canonical threshold of (XC,∆C) along div(c) at xC. So α0 > 0 and
for any t < α0 the pair (XC,∆C + tdiv(c)) has log canonical singularities in a neighborhood of x (see
[PST, Definition 7.1]). Let α be some fixed positive rational number with α < α0. Then a fundamental
theorem of Takagi [Ta, Corollary 3.5] (see also [PST, Theorem 7.6]) ensures that there exists a dense open
U ⊂ Spec(A) such that for any geometric point y¯ → U the pair (Xy¯,∆y¯ + tdiv(cy¯)) is F -pure for t ≤ α.
As 1p−1 < α for all but finitely many primes p, it follows that after shrinking on U we can ensure that the
pair (Xy¯,∆y¯ +
1
py¯−1
div(cy¯)) is F -pure for all y¯ → U mapping to a closed point of U . This implies, in
particular, that the pair (Xy¯,
1
py¯−1
div(cy¯)) is F -pure and therefore for all y¯ → U mapping to a closed point
of U the map
Rxy¯
(−)py¯
// R
1/py¯
xy¯
c
1/py¯
y¯
// R
1/py¯
xy¯
admits an Rxy¯ -splitting. Now the first proof of [PT, Theorem 5.1] shows that
s(Xy¯, xy¯) > 1/p
d
y¯
as desired. 
Proof of Theorems 1.3 and 1.4. In the setup of Theorem 1.3, we have
#πloc1 (X,x) ≤ 1/s(X,x)
by [CST, Theorem 5.1]; this yields Theorem 1.3. Combining this with Proposition 6.4 we obtain Theo-
rem 1.4. 
As promised, we also get a new proof of Xu’s theorem:
Proof of Theorem 1.1. Combine Theorem 1.2 with Theorem 1.4. 
7. A RESULT OF GREB, KEBEKUS, AND PETERNELL
The techniques from §3 and §4 can also be used to give a direct proof of Theorem 1.5, which gives
a global analog of [Xu] and forms one of the main results of [GKP]. We recall (a slight variant of) the
statement again:
Theorem 7.1 ([GKP, Theorem 1.5]). Let X/C be a connected and normal scheme of finite type. Assume
there exists some effective Q-Weil divisor ∆ on X such that (X,∆) is klt. Let Z ⊂ X be a closed subset
of codimension ≥ 2. Then there exists a finite cover f : X˜ → X of normal connected schemes that is e´tale
over U := X − Z , and induces an isomorphism π1(f
−1(U))
≃
−→ π1(X˜).
Theorem 7.1 implies Theorem 1.5 by setting Z to be the singular locus ofX. We will deduce Theorem 7.1
directly from the local result in [Xu] (i.e., from Theorem 1.1) using Theorem 3.2 and formal aspects of
the Galois correspondence. In fact, the argument below is a variant of that used in [BCGST] to establish a
characteristic p analog of Theorem 7.1. We include it here to highlight the utility of non-closed points in such
arguments. Indeed, the proof below invokes [Xu] at the generic points of the bad locus Z; this is necessary
because [Xu] only applies to complements of points, and is possible in our approach as we work with
schemes. In contrast, [GKP] rely on Whitney stratification results from Goresky-Macpherson [GM] instead
of Theorem 3.2, and thus do not have access to generic points. Consequently, they also employ certain
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Lefschetz arguments to reduce to isolated singularities by repeatedly slicing with very general hyperplanes,
which ultimately leads to an additional quasi-projectivity hypothesis in their version of Theorem 7.1.
Proof. We prove this by induction on dim(Z). The base case dim(Z) = −1, corresponding to Z = ∅, is
vacuously true. In general, adopting the notation of Theorem 3.2 and applying its conclusion, we find a dense
open Zopen ⊂ Z such that π1(Tz(Z)) is constant (as made precise in Theorem 3.2 via specialization maps)
as z varies through geometric points of Zopen. Using this constancy and Theorem 1.1 applied to the generic
points of Zopen, we learn the following: for any geometric point z → Zopen, the group π1(Tz(Z)) is finite
and the image of π1(Tz(Z))→ π1(X−Z) is independent of z up to conjugation; here we use Proposition 4.2
and the Lefschetz principle to ensure that Theorem 1.1 applies at the generic points mentioned above. Write
Zclosed ⊂ Z for the complement of Zopen, so dim(Zclosed) < dim(Z). Our strategy is to first solve the
extension problem forX−Z ⊂ X−Zclosed, and then apply induction to the resulting cover ofX−Zclosed.
We will need the following elementary fact:
Lemma 7.2. Given a profinite group G and a finite subgroup K ⊂ G, there exists an open normal subgroup
H ⊂ G such that H ∩ gKg−1 = 0 for all g ∈ G.
Proof. Write G = limQi as a continuous inverse limit of finite groups. Then Hi := ker(G → Qi) is an
open normal subgroup of G, and ∩iHi = 0. This gives ∩i(Hi ∩K) = 0. But then Hi ∩K = 0 for i ≫ 0
asK is finite. As the Hi’s are normal, this also yields Hi ∩ gKg
−1 = 0 for all i≫ 0, as wanted. 
Using this lemma, we may choose choose an open normal subgroup H ⊂ π1(U) which intersects the
finite image of π1(Tz(Z))→ π1(U) trivially for every geometric point z → Zopen. For any finite e´tale map
W → U , writeW → X for the normalization of X inW . Now choose V → U to be the finite e´tale cover
corresponding to H , so H := π1(V ) → π1(U) meets the image of π1(Tz(Z)) → π1(X) trivially for any
geometric point z → Zopen. By the Galois correspondence, for each such z, the base change V ×U Tz(Z)
splits into a disjoint union of copies of the cover Tz(Z)
′ → Tz(Z) corresponding to the kernel of the map
π1(Tz(Z)) → π1(U). By the same reasoning applied to further covers of V , we learn: if W → V is a
finite e´tale cover, thenW ×U Tz(Z)→ V ×U Tz(Z) is a disjoint union of sections for any geometric point
z → Zopen. As normalization commutes with e´tale localization, it follows that for such W , the normalized
map W → V is finite e´tale over all points of Zopen. Thus, if g : V → X is the structure map, then
π1(V )
≃
−→ π1(V − g
−1(Zclosed)), and the same is true if V is replaced by a finite e´tale cover of V .
As V → X is e´tale in codimension 1, the pair (V , g∗∆) is klt by [KM, Proposition 5.20]. We also have
dim(g−1(Zclosed)) = dim(Zclosed) < dim(Z). By induction applied the pair (V , g
∗∆) equipped with the
closed subset g−1(Zclosed), we can find a finite cover h : X˜ → V of normal connected schemes that is
e´tale outside g−1(Zclosed) such that π1(X˜ − f
−1(Zclosed))
≃
−→ π1(X˜), where f = g ◦ h is the composite
map. As X˜ → V is e´tale over V , we also know from the previous paragraph that π1(X˜ − f
−1(Z))
≃
−→
π1(X˜ − f
−1(Zclosed)). Combining these gives the desired statement. 
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